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Iterative methods for the determination of stage temperatures and interstage flow rates in
the equilibrium stage problem are discussed, and the use of the Newton-Raphson method for
solution of the systems of simultaneous equations is proposed. It is shown that the complete
correction process can be divided into four independent parts, two of which are treated in the
paper. The first is equivalent to the constant molal overflow problem in distiliation and the
second to the constant temperature extraction problem. For each of these cases the necessary
partial derivatives describing the effects of temperature and flow rate changes on aill material
balance equations are developed. Sample problems are briefly discussed to demonstrate the
feasibility of the calculations and the fact that quadratic convergence is obtained. Equation
derivation is simplified by using matrix notation, which also has the advantage that any

interstage flow pattern is allowed.

The equilibrium stage problem can be considered as
the determination of a set of stage temperatures, inter-
stage flow rates, and phase compositions which will satisfy
all material balances, equilibrium relations, and energy
balances. For this paper it will be assumed that the state-
ment of the problem fixes the following:

1. Number of stages

2. Amount, composition, and enthalpy of each feed and

the stage into which it enters. :

3. Amount of each product stream and the stage from

which it is withdrawn,

4. The flow pattern or interstage flow map.

It will also be assumed that the equilibrium ratios and
enthalpies are known functions of temperature and com-
position, that the system is at steady state, and that a two-
phase multicomponent system is being used. For con-
venience the two phases will be called liquid and vapor,
although results obviously apply to any two phases. There
are n stages and m components.

The above form of the equilibrium stage problem is
most convenient for digital calculation. Frigay and Smith
(I) have discussed the general formulation of the prob-
lem and list six steps or decisions necessary for solution.
They point out (first and second decisions) that all mod-
ern computing methods group the equations by compo-
nents rather than by stages and then use the following
sequence: (1) assume a set of flow rates and tempera-
tures; (2) calculate phase compositions; (3) correct flow
rates and temperatures; and (4) return to step 2. It is
with step 3 that this paper is concerned—the correction
of the flow rates and temperatures.

AN ITERATIVE CORRECTION PROCESS

If there are n equilibrium stages, then the correction
procedure can be considered as the correction of n stage
temperatures and n flow rates with the use of n measures
of error in material balances and n measures of error in
the energy balances. This is basically the solution of 2n
nonlinear equations in 2n unknowns. An iterative solution
can be outlined as follows: Let the n measures of mate-
rial balance error be A; to A\, and the n measures of en-
ergfr balance error be M,+1 to Aen. At the solution all A
will be zero. A set of temperature corrections (§; to §,)
and flow rate corrections (8,+; to 8;,) can then be cal-
culated by

= (M)
@ = (4y)
@ is a 2n by 2n matrix, which will be called the correction
matrix. For a given set of errors Equation (1) is used to
calculate corrections in temperatures and flow rates. A
new set of errors is determined, and if necessary the proc-
ess is repeated. Whether this sequence will converge and
the speed of convergence depend on such factors as the
size of the errors in the assumed original temperatures
and flows, the properties of ®, and the kind of problem
being solved. Any process in which the corrections are
linear in the errors can be put in the form of Equation
(1). Each method will be characterized by its own ® and
will have its own convergence properties. It is shown in
standard texts (2) that when @ is the Jacobian matrix of
the error measures, called here ¥ and defined by

v = (¢;) (2)
L
vy = 98;

quadratic convergence is obtained in the region of the
solution, For another @ less than quadratic convergence
will usually be obtained, although the region of conver-
gence may be larger. With @ defined as the Jacobian
matrix ¥, the correction procedure is the multivariable
form of the Newton-Raphson method. In the later sections
of this paper methods for calculation of some of the ele-
ments of ¥ will be discussed, but it is useful first of all
to consider in more detail the implications of the iterative
process described above.

Let @, 4, and A be partitioned as follows:

E. E of Dm
g B P B ) BEC
which can be written as two equations
E:C:+E,Co=—Dn (4)
JeCe +Jo Co = — D, (5)

Equation (4) is based on errors in the material balances
about each stage and Equation (5) on errors in the en-
ergy balances about each stage. These equations can be

PA=—A (1) simplified by assuming that one or more of the submatrices
where of ® are zero. This permits the determination of the cor-
A= (8) rections by two sets of n simultaneous equations rather
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than one set of 2n equations. All commonly used correc-
tion methods are of this type. For example the tempera-
ture correction can be found from Equation (4) if E, =
0 or from Equation (5) if J, == 0. The former has been
called the bubble point method and the latter the sum
rate method (1). The main differences in the various cor-
rection methods in use today are in the definitions of the
error measure and of the correction matrices @. As indi-
cated previously, the most rapid convergence should be
obtained when ® = ¥, and this is the problem treated in
this paper: the determination of suitalE))le expressions for
E; and E, which will provide quadratic convergence.
Friday and Smith (I) proposed equations identical to
Equations (4) and (5) in which the Jacobian matrix
would be used. They suggested that the various partial
derivatives can be evaluated by finite-difference approxi-
mations but they did not devel%p the method further. In
this work a different approach will be used. Error criteria
will be defined and then the necessary derivatives ob-
tained by analytic differentiation of the errors. Because of
the large number of equations involved, the expressions
can become very complicated, and a matrix notation has
been developed to simplify the equations. This will be
seen to have the added advantage that any interstage flow
arrangement is permitted. The main contributions of this
paper may be summarized as:

1. The development of a temperature correction pro-
cedure in which the effect of a change in temperature in
any stage on the compositions in all stages (at constant
flow rate) is taken into account, E,.

2. The development of a flow rate correction pro-
cedure in which the effect of a change in any flow rate
on the compositions in all stages (at constant tempera-
ture) is taken into account, E,,.

3. The development of a matrix notation for the ma-
teria] balance equations which permits the use of any in-
terstage flow connection arrangement.

In the remainder of this work it will be assumed that
E; and E, are the Jacobian forms, but it should be empha-
sized that convergence of Equation (1) does not depend
on this, and it is certainly not the intent here to infer
that simpler forms may not be preferable for many prob-
lems. In fact, in some problems it might be adequate to
use the same @ matrix for several iterations. However, the
fact that the Jacobian form can be calculated puts at the
disposal of the system designer a powerful tool not only
for use in solving problems, but also for studying the struc-
ture of the equilibrium stage problem.

Finally it should be noted that the present work does
not treat the formation of J; and J, and hence the com-
plete correction process indicated by Equation (1) cannot
be tested at this time. However, E; and E, are useful in
themselves. The former is the only correction needed in
a constant flow process where energy balancing is not
required; the well-known constant molal overflow prob-
lem is a good example of this. E, is the onl;; correction
needed in a constant temperature process where energy
balancing is not required; here, the extraction problem is
a good example. This will be discussed at greater length
later.

DEFINITIONS

Preliminary to writing the equations that describe the
material balances for the equilibrium stage system, it is
necessary to define certain matrices. These are considered
in four groups below.

1. Flow connection matrices. In the two-phase system,
there are two flow connection matrices called the liquid
flow connection matrix and the vapor flow connection
matrix. Each is of size n X n. On the main diagonal of
each are negative numbers representing the total flow of
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liquid or vapor phase leaving each stage, while the off-
diagonal elements are positive numbers, the v;; or ; ele-
ment representing the flow of vapor or liquid from stage
j to stage i.

2. Composition matrices. For each phase there is a
phase composition matrix, X for the liquid phase and Y
for the vapor phase, with the ij element representing the
composition of component j in stage i.

The composition matrices are of size n X m, and it is
convenient to partition them into m column vectors as
follows: v

X = (X0, X®,_

Y = (Y, YO,

.. X(m))
L. Y(m))

Each column represents the composition of one compo-
nent,

3. Feed matrix. F is an n X m matrix and is used to
represent the feeds or flows entering the system from
sources outside the system.

F = (fy) = (F®, F®_ | Fm)
where f; = the total flow of component j to stage i from
sources outside the system of equilibrium stages. As with
X and Y, F is partitioned into m column vectors, each
representing a component feed rate.

4, Equili%)rium ratio matrices. The equilibrium condi-
tions are given in the form of equilibrium ratios. A di-
agonal matrix, of size n X n, is defined for each compo-
nent with the ith diagonal element representing the equi-
librium ratio of the component in the ith stage.

BASIC MATERIAL BALANCE EQUATIONS

A matrix formulation of the equilibrium stage problem
was first proposed by Amundson (3, 4). He demonstrated
that by grouping the material balance and equilibrium
relations for one component only, it is possible to write

ZiX@) = — F® (6)

where X and F@ are defined as in the previous section.
He presented equations for calculation of the elements of
Zi for a system with multiple feeds and multiple product
streams. His equations were specifically derived for the
case of countercurrent flow but could be modified for
other flows. This is inconvenient, however, and it will be
seen below that Z¢ can be expressed in terms of the
matrices defined in the previous section, thus permitting
any interstage flow arrangement. More important, it will
be seen that by using these definitions, it is possible to
separate the equilibrium ratios from the flow rates. This
greatly facilitates later developments.

Using the definitions from the previous section, we can
write the material balance for component § as

LXD 4+ VYD = FD )
and the equilibrium relations for component j are
Y = K@ XD (8)
Combination of these two equations gives
LXD 4 VK XD = — F® (9)
and comparison with Equation (6)
Z =L+ VK (10)

Equations (6) through (10) are fundamental for all
that follows. They are presented without proof but can
be verified by performing the indicated multiplications.
Examination of the resulting set of simultaneous equations
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will demonstrate that each equation represents a material
balance for component § for one stage.

Once a set of flow rates and temperatures has been as-
sumed, the only unknown in Equation (6) is X, which
is given by

XD = — (Zi)—IFD (11)

The set of m equations, one for each component, of
this form is sufficient to determine all the liquid compo-
sitions. Use of Equation (8) will then give the vapor
compositions.

THE CONSTANT MOLAL OVERFLOW PROBLEM

If changes in the stage temperatures and the phase
compositions have no effect on the energy balance equa-
tions, then a unique set of flow rates can be determined
which satisfies the energy balances and which is not de-
pendent on stage temperatures or compositions. The prob-
lem solution has been greatly simplified since only the
stage temperatures must be corrected. Equations (4) and
(5) then simplify to

E; C;=—Dn, (12)

E; = (e)
odi  ad;

dct,k atk

where

Etip =

This last equation follows because ¢; and ¢ are linearly
related. It is now necessary to determine how a change
in temperature at constant flow rate affects the error. Tl%e
error criterion to be used is that the sum of the mole
fractions in each phase must be one. This will be dis-
cussed in more detail later. First, an expression will be
developed for the effect of a change in any temperature
on the composition of any component in any stage.
Differentiating Equation (9) with respect to the tem-
perature in stage k, holding the flow rates constant, we get

L AX@ oKi
YA +Vv
oty Oty

X5 =0 (13)

and solving for the desired rate of change of composition,
we obtain

90X : oK/
T— =— (Z)~ly X (14)
Oty dt

Equation (14) defines a vector which gives the rate of
change of composition of component § on each stage with
respect to a change in #. If this process is repeated for
each value of k from 1 to n, a series of vectors will be
formed which when assembled into a matrix will be called
X;@, the subscript implying that the elements are deriva-
tives with respect to temperature.

The matrix X can be equated to another matrix
whose columns are obtained by varying k from 1 to n
in the right-hand side of Equation (14). Obviously Zi
and V do not involve the parameter k and can be fac-
tored out. Equation (14) can now be written as

XD = — (Z1)~1V M (15)

where MU is defined as the matrix whose kt* column is
given by

il_(i X

oty
But (8Ki/dt;) has only one nonzero element—at the kth
row on the main diagonal—because only the equilibrium
ratio on the kth stage will be affected by changing #.
Therefore, each column of M/ has only one nonzero ele-
ment at the k™ row, and M/ must be c{iagonal.
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. .ml) (16)

i
i 9"*) )
m; = (Btk (%45)

M/ = diag (mlj, mé, .

The variation of Y% with temperature is obtained by
differentiating Equation (8):

YD [ oK [ ax®
S () o
Ity oty 3ty

and it follows by using the same arguments as above that
Y, = M/ + Ki X, (18)

It is now necessary to define the error function to be
used. It is known that at the solution the sums of the
mole fractions in each phase must be one. If the composi-
tions are given in mole fraction units, then at the solution

XU—-U=0 (19)
YU-U=0 (20)

where U is a vector, each element of which is equal to
unity. The derivative of Equation (19) with respect to
temperature is nothing more than the derivative of the
sum of mole fractions in the liquid with respect to tem-
perature and can be obtained by summing Equation (15)
over all components. This latter would be the desired
Jacobian matrix for the error measure defined by Equation
(19), and Equation (12) could be written as

{f (X} C=— (X U—-U) (21)

Similarly, if Equation (20) were used to define the error
vector, then .
{f (Y;@)}Ce=—(Y U—-U) (22)

Either Equation (21) or (22) could be used by itself.
Previous experience with the bubble point correction
method (3) has indicated that it is preferable to use the
difference in the sums of the mole fractions in the liquid
and vapor phases rather than the error in either. This can
be done by subtracting Equation (22) from (21):

3{(XP—-YP)}C=—(X-Y)U (23)
’

and then
Dn=(X-Y)U (24)

E; =3 (X, — Y,?) (25)
]

By using Equations (15) and (18), we obtain
E;=3{[(K—TI) (Z) "' V-—-I] M} (26)
H

Equation (26) is the desired expression for E, based
on the error measure defined by Equation (24). In spite
of its apparent complexity E; is calculated without great
difficulty. All the terms except M/ are already available
from the determination of X, and it is merely necessary
to combine them in the proper order and then multiply
by the diagonal matrix MY, which must be calculated. E,
can then be determined and Equation (23) solved for C..

One further modification of Equation (26) is useful. It
will be noted that M’ requires a knowledge of the solution
vector X, and only an estimate of X% is available. It
is known that the sum of the compositions in any phase
will not be one, and to avoid bias in the calculation of M/
the compositions can be normalized by forming the prod-
uct M/ N, where N is a diagonal normalizing matrix con-
taining as elements
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N = diag (ny, ny, . .
n = {1/12 (%) }

. fy)
where

Since N is the same for each component, it can be fac-
tored out of the summation in E; to give

E;= 3 {[(K—=1) (Z)~'V]M} N (27)

Since N is diagonal, N~! is also diagonal, and the ele-
ments of N—1! are identical with the elements of the vector
XU.

Application of E;

Many constant molal overflow problems have been solved
with E; used. Convergence in general has been rapid.
Some typical results are summarized in Table 1 where a
comparison is made between the use of E; and a bubble
point method for a small sample problem with eight stages
and three components. For each iteration the quantity
listed is the maximum error in either the sumn of the liquid
mole fractions or the sum of the vapor mole fractions. In
comparing the first and second row, not much difference
is observed for the first few iterations. However, when
close to the solution, the method based on E; converges
much more rapidly than the bubble point method and
shows typical quadratic convergence, the error roughly
squaring for each iteration. This same trend is shown
even more clearly in rows 3 and 4 where results are pre-
sented for the same problem, except that the equilibrium
ratios have been made linear functions of the temperature.
The method based on E; converges very rapidly in this
latter case because the derivative of K/ with respect to
temperature is constant. The bubble point method con-
verges at about the same rate as for the nonlinear case.
These results indicate that, in the region close to the solu-
tion where the equilibrium ratios are almost linear, the
use of E; provides a much better temperature correction.
When not near the solution, there is not much difference,
the added refinements included in E; being outweighed
by the fact that a linear approximation to the equilibrium
ratios is too crude. One application of these results could
be the use of different correction methods in the same
problem—a simpler method such as the bubble point
being used for the first few iterations and then more com-
plicated method such as E; for rapid convergence near
the solution. A detailed description of the sample problem
and the computer programs used can be found in refer-
ence 5.

THE EXTRACTION PROBLEM

In this section the development of the elements of E,
will be considered. As indicated previously the extraction
problem is an example of the direct use of E,. As usually
practiced, each stage in an extraction battery is operated
at a known and fixed temperature (often the temperature

of the surroundings). The constant temperature is main-
tained by exchanging energy in each stage with the sur-
roundings. In this case Equation (5) no longer applies,
since there will be no error in the energy balances, and
there will be no correction necessary in the stage tem-
peratures. Hence, the correction process for a process with
fixed stage temperatures and automatically satisfied en-
ergy balances is given by

Ev Cv =~ Dpn (28)
E, = {evi)
Cv,ik = 3y

ik = ac”'k

In the next section the definition of the flow variable vec-
tor C, will be considered. In the following section the
material balance will be developed; then E, will be eval-
uated and some sample problems discussed.

Definition of Flow Variables

For an n stage process the vector C, will have n ele-
ments, one per stage; yet it will be recalled that the equi-
librium stage problem, as considered here, includes the
provision for flow between any two stages. Hence, there
could be as many as n — 1 flows leaving a stage and n —
1 Hlows entering a stage. Only one of these can truly be
independent, and there must be enough subsidiary restric-
tions given to fix all the remaining Hlows. The flow vari-
ables must then be defined in such a way that one in-
dependent flow variable can be identified per stage, and
there must be some simple mechanism for indicating how
all other flows vary as the independent variable changes.

The flow variables are first grouped by stage. This is
done by identii;ying each flow with its stage of origin.
Then the flows for each stage can be put into two groups:
those that are maintained in some constant ratio to one
another and those that are held constant. The first group
is called the variable flows for the stage and the second
group the fixed flows for that stage. The distinction can
be illustrated by considering a condenser on a distillation
column which has two liquid streams leaving, one as
product and the other as reflux. First of all it is evident
that the relative size of these two streams is not fixed by
any fundamental property of the process but is determined
by the column designer or operator, and the split is an
additional restriction which must be put somehow into
the equations. If the product stream is to remain constant
as flow rates are varied, then the product stream would
be designated as a fixed flow and the reflux as a variable
flow. If the ratio of reflux to product is to be constant,
then both must be treated as variable flows and the addi-
tional restriction as to the relative amounts of the two
streams be introduced into the equations.

Any one of the variable flows could be selected as the
independent variable, but it is more convenient to use the
sum of all the variable flows as the independent variable.

TaBLE 1. CoMpARISON OF MaxiMuM ERRORS IN SUCCESSIVE ITERATIONS OF A CONSTANT MoLAL OVERFLOW PROBLEM

Iteration No.

0 1 2 3 4 5 6

Nonlinear equilibrium ratios

E; vsed: 0.92 0.42 0.031 0.00039 10-¢

Bubble point method used: 0.92 0.39 0.33 0.0096 0.0023 0.0004 0.0001
Linear equilibrium ratios

Et used: 0.27 0.002 10—6

Bubble point method used: 0.27 0.014 0.0021 0.0006 0.0001
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Thus, the n quantities which will be varied in the itera-
tive process will be the n sums of the variable phase flows
leaving each stage. If more than two variable phase flows
leave a stage, a restriction matrix will be used to indicate
how the total flow is divided. This is best illustrated by
considering the vapor phase, where the vapor flow matrix
is written as

V=AV* +V (29)

The independent vapor flow variable is the matrix V*,
which is diagonal and contains as its i element the total
amount of vapor leaving stage ¢ in variable flow. The
matrix A is the vapor flow restriction matrix. The diagonal
elements are —1, and the " element is the fraction of the
total vapor flow leaving stage j in variable flows which
goes to stage i. V' is the fixed flow matrix and contains all
the vapor phase flows which are not to be changed in the
iterative process. It should be noted that there must be
at least one variable phase flow per stage, so that a fixed
flow cannot be identified with a stage unless there are at
least two streams leaving the stage with vapor in them.
Furthermore, if a stage §oes not have any stream leaving
it with vapor, as would be the case in a total condenser,
it is necessary to add a vapor flow, which can be consid-
ered as a product stream. This is necessary because it may
not be possible to solve the given set of equations, holding
all the temperatures constant, without providing for some
vapor product from the stage.

Similarly the liquid flow matrix can be written as

L=BL®*+L (30)

where L’ is the matrix of fixed liquid flows, L* is the
variable liquid flow matrix, and B is the liquid flow re-
striction matrix. All are defined in a manner exactly anal-
ogous to that used above for the vapor flows. It appears
that there are two phase flow variables for each stage, one
for the liquid flows and one for the vapor flows. However,
one of these can be eliminated by the use of the overall
material balance for the stage, so that there will only be
one flow variable remaining per stage. It was arbitrarily
decided to make the vapor flow rates V* the independent
variable.

Material Balance Equations
The overall material balance can be written as

(L+V)U+FU=0 (31)
(BL®* + L'+ AV* +V)U=—FU  (32)

If a change occurs in one of the independent vapor
flow variables, then a compensating change must occur
in the liquid flow variables to satisfy Equation (32). Dif-
ferentiating with respect to one of the independent vari-
ables v: and realizing that B, A, L’ and V’ are constant,

we get
aL* av*
() uama()u
vy aok
JL* ov*
(—a-')U:—B_IA(-—") U (34)
aok auk

The partial derivative on the right-hand side of Equa-
tion (34) is a matrix of which every element is zero ex-
cept the diagonal element in the k** row, which is +1.

After defining
R=B"!A (35)

it is then evident that the product of R and the partial
derivative will be a matrix which is all zeros except for
the k" column, which is the same as the kt* column in R.
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This matrix when multiplied by U will produce a vector
which is the k' column in R, or R, Finally, when we
recall that L* is a diagonal matrix, it follows that the de-
rivative with respect to u": must also be diagonal, and fur-

thermore the elements of this diagonal matrix must be
nothing mare than the elements of the vector R, Defin-
ing a new diagonal matrix R* which has the same elements
as the vector R, it follows that

= —Rr (36)
k

Equation (36) is useful in that it can be used to elim-
inate L* from the equations which follow.

The component material balance for component j can
be written as

(L + VKi) X% = — F® (9)
or
ZiX® = — F (8)
Differentiating with respect to vy, we get
. 9X@ [ oL*® ave . ]
VA B A K | X9%=0 37
vy + ov’® + dv, (37)

k

To simplify Equation (37), Equation (36) can be used
to eliminate the derivative of L*, and it can be noted that
the derivative of V* with respect to v: is a matrix with

only one nonzero element, a + 1 in the diagonal element
in the k™ row. The symbol I* will be used to represent
this matrix, where I* is a matrix which is all zeros except
for the diagonal element on the k' row which is a + 1.
Then Equation (37) can be written as

X
du

— = (Z)"' (BRF—AIFK) X (38)
k

This gives the desired effect of a change in the flow
rate v on the composition of component j in” each stage.

Equation (38) is a vector equation, and the computation
can be done directly. The inverse of Z! is available from
the composition calculation; R* is obtained from R, which
can be determined once for an entire problem; B and A
are constant and known; I* has only one nonzero element;
and K’ and X9 are known.

Formation of E;

To be consistent with the definition of E; the same
error criterion must be used:

Dyp=(X-Y)U (24)

Each element in E, must be the rate of change of the
sum of the mole fractions in the liquid minus the sum of
the mole fractions in the vapor with respect to the flow
variable. Equation (38) gives the rate of change of the
composition of one component in each stage with respect
to one flow rate change. If k is varied from 1 to n in
Equation (38), a set of n column vectors will be obtained.
These can be assembled into a matrix, called here X,,
which is very similar to the matrix X, defined in Equa-
tion (15). The k' element of this matrix gives the rate
of change of composition of component § in stage ¢ with
respect to a change in flow of v;. Finally by repeating
the calculation for each component and then summing the
matrices, the ik element of this summation will give the
rate of change of the sum of the liquid compositions in
stage 1 with respect to a change in flow o

It onlg remains then to find the rate of change of the
vapor phase compositions with respect to the flow rate
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changes. Recalling that
Y@ = K& XD (8)

and since Ki is constant, we get

oYW [ 8XW
—=x (E) (39)
aok aok
Defining Y, analogously to X, it follows that
Y, 9 = Ki X, @ (40)

Next, by summing over all components, the desired
rate of change of the sum of the vapor compositions can
be found and E, defined as

E, =3 {X,% — Y.}
i
=3 {(I-K) X, %) (41)
3

Finally, the normalization matrices can be introduced,
as was done in calculating E,, to give

E,= IE {(I“' Kj) Xuj} N (42)

and the correction process is given by
S{I—K)X,P}NCy=— (X—Y) U (43)
i

Application of E,

Many problems have been solved with the equations
developed in the last section. Some results are given in
this section, The first problem is the same one described
for the constant molal overflow case: an eight-stage system
divided into two columns, with stage by-passing and en-
trainment. It is interesting because it provides a test of
the method of defining the independent variables. The
temperatures were assumed constant, and hence the equi-
librium ratios were constant. Various initial flow rate dis-
tributions were used and the rate of convergence to the
known solution observed. Some typical results are given in
the first row of Table 2. The errors in initial assumed
flow rates in this case were approximately 10% of the
correct values. The convergence is observed to be rapid.
This was generally true for errors varying from +90%
to —909% of the correct values. Normalization seemed to
make little difference (5).

A second problem was the 15-stage, four-component
extraction problem described in detail by Hanson (6).
Using the same initial assumptions as Hanson, we ob-
tained the results shown in the second row of the table.
After six iterations the maximum error is 9 X 1074 This
compares with a maximum error of 8 X 104 reported
by Hanson after nineteen iterations. Although there is a

significant improvement, the rate of convergence is rela-
tively slow beyond the second or third iteration and is
certainly not quadratic. The cause for this is readily found
in the fact that the equilibrium ratios for this system
(water, ethanol, acetone, and chloroform) change rapidly
with composition. That this caused the slow convergence
was verified by repeating the problem exactly except that
the equilibrium ratios were computed only once, for the
first calculation, and then kept constant. The last row in
Table 2 gives the results, and it can be seen that con-
vergence is again rapid. Failure to achieve rapid con-
vergence when composition effects are important arises
from the fact that the equilibrium ratios were assumed
constants in the derivation of Equation (37), where the
partial derivative with respect to flow rate changes was
taken. The change in flow rate affects the composition
and this in turn affects the equilibrium ratio. This could
be taken into account by including an additional term in
Equation (37), one with (8Ki/ dv.), and this in turn can

be related to the composition changes in a straightforward
manner. Additional calculations would of course be re-
quired, but it should be possible, if desired, to achieve
quadratic convergence in problems with strong composi-
tion effects by application of the techniques described in
this paper. It should be obvious also that this same sort of
problem could arise in the temperature correction process
described previously. It did not in that problem because
equilibrium ratios were assumed functions of temperature
only. One of the advantages in obtaining analytical ex-
pressions for the derivatives is that as many effects can
be included as are considered important.

DISCUSSION

In the work to date it has been found most convenient
to store all variables as matrices and vectors and then to
use matrix handling subroutines for manipulation as indi-
cated by the equations. In this way the programs are kept
simple. The size of the problem that can be handled in
this way is limited by the memory available in the com-
puter to be used. With 32,000 words of rapid-access stor-
age, a fifty-stage problem can be easily handled with no
auxiliary storage for E; used. E, requires more storage and
about torty stages is the most that can conveniently be
handled without using auxiliary storage. For larger prob-
lems or if both are to be included in one program, it is
necessary to use tapes, disks, or other secondary stora%f.
The amount of storage for large problems varies as the
square of the number of stages. The number of compo-
nents has relatively little effect on the storage require-
ments because computations can be done serially for
each component; that is, all calculations for one compo-
nent can be completed before those for the next compo-

TasLE 2. MaximMuM ERroR 1N SuMs oF MOLE FrRacTIONS FOR S AMPLE EXTRACTION PROBLEMS

Iteration No.
0 1 2 3 4 5 6

Problem 1

8 Stages 3x 102 1x10—2 1x 104 1x 10-7

k Constant
Problem 2 (Hanson)

15 Stages 2% 10-1 5% 102 1x10—2 4 x 10-3 3 x 103 2 % 10-3 9 % 104

k Composition de-

pendent

Problem 3

15 Stages 2% 101 5% 10—2 2 X 10-3 7 X 10-¢

k Constant
Yol. 13, No. 3 AIChE Journal Page 561



nent are started. This can be seen by examining Equa-
tions (26) and (42). While the storage for the X, Y, and
F matrices and for equilibrium ratios does vary with the
number of components, the effect is slight since the num-
ber of components is usually much smaller than the num-
ber of stages.

The problems solved to date have included both multi-
ple column operation and stage bypassing. No special

roblems were encountered in obtaining the inverse of Z?
For use in Equation (26) even for the largest problem
- tested, forty-five stages. A standard inversion routine was
used, one based on the Gauss-Jordan reduction. This point
is mentioned here since there have been statements in the
literature that it is impractical to invert large matrices
such as encountered in equilibrium stage problems. It
should also be noted that an inverse is not required for the
solution of Equation (23). A direct reduction method is
more rapid. For the same reason the inverse of Z/ is not
required unless Equation (26) is to be used. If only
Equation (6) is to be solved and then a bubble point or
other method used to correct the temperatures, an equa-
tion solving routine can be used. If Z7 is tridiagonal, the
special case for countercurrent flow, then an especially
efficient algorithm is available (see, for example, reference
7).

The use of the L, V, and K/ matrices to form Zi has
advantages over previous methods. The most important is
that any interstage flow arrangement is easily accommo-
dated. Thus multiple-column operation and stage bypass-
ing present no special problems. Bypassing seems to have
been generally neglected in computational methods, yet
Strantf (8) has reported that the use of a liquid bypass
model greatly improved the correlation of stage efficien-
cies. A second advantage is that phase flows are used
rather than total flows, and entrainment can be readily
included. Finally, in matrix form the equations are sim-
ple. If, for example, L and V are used as input data,
even a beginning student can program the solution to
Equation (6), using a standard matrix handling sub-
routines, and can find all the phase compositions in the
column,

CONCLUSIONS

It has been shown that a Newton-Raphson correction
process can be developed for the equilibrium stage prob-
lem and that this method does exhibit quadratic converg-
ence rates for the constant molal overflow problem and
the constant temperature extraction problem. Furthermore,
these same correction techniques can form part of an over-
all correction method in which temperatures and flow
rates are corrected simultaneously. Many aspects of the
correction process remain to be investigated. Among these
are:

1. The efficiency (measured perhaps by total comput-
ing time) of these methods as compared to other methods.

2. The most efficient ways to calculate E; and E,.

3. The region of convergence as compared to other
methods.

4. The efficiency in using combination methods or iter-
ating several times with the same correction matrix.

5. Modifications of E, and E, to include the effect of
composition on equilibrium ratios.

6. The possibility that simplified forms of E; and E,
will give almost quadratic convergence and be simpler to
calculate.

7. Extension to unsteady state and reacting systems.

Finally, it remains to be demonstrated that the energy
balance eguations can be analyzed in a similar way and
that J; and J, can be calculated.
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NOTATION

A,B =vapor and liquid flow restriction matrices for
variable flows

a; = —1,by=—1

ai;, bi; = fraction of total variable vapor or liquid flow
leaving stage j which goes to stage

C: = temperature variation vector

¢ = variation in temperature in stage k

C, = flow rate variation vector

Cyi == variation in vapor flow rate variable in stage i

D, = deviation or error in energy balance equations

D, = deviation or error in material balance equations

E; E, = temperature and flow rate correction matrices
for material balance errors

F = feed matrix

fi = total amount of component j entering stage ¢ from
outside the system

F& = feed vector for component j; column j of F

I = jdentity matrix

I¥ = matrix in which all elements are zero except the
diagonal element in k* row, which is 1

Ji. J» = temperature and flow rate correction matrices for
energy balance errors

Ki = equilibrium ratio matrix for component j (diag-

onal)

ki = yi/xy

L,V = liquid and vapor flow connection matrices

— Iy, — vy = total flow rate of liquid or vapor phase
leaving stage i

li;, vi; = flow rate of liquid or vapor phase from stage j
to stage i in fixed streams

L*, V* = variable liquid and vapor flow matrices (diag-
onal)

I¥,v} = total flow of liquid or vapor phase from stage i

i
in streams which are allowed to vary
L', V- = liquid and vapor flow connection matrices for

fixed flows
M/ = weighted equilibrium ratio temperature depen-
dence matrix for component j (diagonal)
ok/
mf == o, (2y)
N = normalization matrix
1
ni T e—
2, (xi1)
R =B"lA
RF = diagonal matrix formed from column k of R
1’? = Tik
R® = column k of R
T = temperature vector
t;, = temperature in stage k.
U = unity vector
u; =1
X,Y = liquid and vapor composition matrices

xij, iy = liquid or vapor composition of component j in
stage i

XD, YD = liquid and vapor composition vector for com-
ponent j. Column j of X and Y

X%, Y¥> = temperature dependence matrices for liquid
and vapor compositions

May, 1967



o _ ¢ Yy
Xtk = EY Ytk == ot
X,®, Y, = flow rate dependence matrices for liquid
and vapor composition. The volumes of X, and
Y, are calculated from Equation (38)
o _ Oxy

v,ik =

&

ﬂuk

W Yy
ik —

Yo .au:

Z7 =L+4+VK
Greek Letters

® = correction matrix used to calculate temperature
and flow rate corrections
¥ = Jacobian form of the correction matrix
L2 O
i = e——
d 38

A = [g,] = (8)

ao= [T
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Local and Macroscopic Transport from
a 1.5-In. Cylinder in a Turbulent Air Stream

T. R. GALLOWAY and B. H. SAGE

California Institute of Technology, Pasadena, California

The local and macroscopic thermal transfer coefficients were experimentolly investigated for
a 1.5-in. copper cylinder located in a transverse flowing turbulent air stream. Measurements of
local transport and pressure coefficient were made throughout the entire perimeter of the
cylinder. The Reynolds number was varied from 2,600 to 86,000 and the free-stream turbulence
from 0.013 to 0.25. The estimated integral turbulence scale was found to vary from 0.3 to 0.5
in. over the range of conditions of flow investigated. The local transfer coefficient near stagna-
tion increased 35% as a result of an increase in turbulence over the range indicated. Displace-
ments of the locus of separation with varying Reynolds numbers and turbulence level were found.

The effects of free-stream turbulence on the local ther-
mal transfer from a blunt body are particularly interesting
in revealing the mechanism of transport, T{lese experi-
mental studies are directed, in part, to an understanding
of the behavior of the wake. It is the purpose of this dis-
cussion to present experimental results concerning the ef-
fect of free-stream turbulence on the local transport from
a cylinder.

THEORY AT STAGNATION

One of the most significant and extensive contributions
to local transport, both theoretically as well as experimen-
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tally, was the work of Frossling (1). He suspended liquid
drops over an air jet and measured the change in radius
by photomicrography. The drop radii varied from 0.1 to
0.9 mm. and the air velocity from 0.2 to 7 m./sec., cor-
responding to a Reynolds number as defined in the Nota-
tion from 2 to 800 for the evaporation of nitrobenzene,
aniline, and water. Local convective rates were deter-
mined by measuring the ﬁointwise variation in the radius
of a solid naphthalene sphere in an air jet stream. Fross-
ling (1) showed theoretically that

NNu=2(1+kN;z/82) (1)
where his k was dependent only on the Prandtl number,
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